Remark 2. A Banach space X is uniformly smooth if and only if for every > 0 there exists δ > 0 such that S(x * , y * , δ) = ∅ for any functionals x * , y * ∈ S X * with x * − y * ≥ .
We say that the unit sphere of a Banach space X has a crease if there are two distinct functionals x * , y * ∈ S X * such that diam S(x * , y * , 0) > 0. This means that the sphere S X contains a segment of positive length which lies on two different hypherplanes supporting the ball B X . A space X is called noncreasy if its unit sphere does not have a crease. Clearly all spaces X with dim X ≤ 2 are noncreasy in a trivial way. Moreover if a space X is strictly convex or smooth, then X is noncreasy. Let us now formulate the definition of the uniform version of this property.
Definition 1.
A Banach space X is uniformly noncreasy (UNC in short) provided that for every > 0 there is δ > 0 such that if x * , y * ∈ S X * and x * − y * ≥ , then diam S(x * , y * , δ) ≤ .
It is easy to see that in the case when dim X < ∞ the space X is UNC if and only if X is noncreasy. Remarks 1 and 2 show that if a space X is uniformly convex or uniformly smooth, then X is UNC.
Theorem 1. If a Banach space X is UNC, then X is superreflexive.
Proof. Let us assume that a Banach space X is not superreflexive. By the well-known result of James [8] for any δ ∈ (0, 1) there exist elements x i ∈ S X and functionals x * i ∈ S X * , where
This shows that the space X is not UNC.
We can now prove that UNC is a self-dual property.
Theorem 2. A Banach space X is UNC if and only if X * is UNC.
Proof. In view of Theorem 1 it suffices to prove that if a space X is UNC, then X * has the same property. For this purpose let us assume that X * is not UNC. By Theorem 1 we can identify the space X * * with X. Our assumption gives us therefore a constant > 0 such that for each δ ∈ (0, 4 ) there exist elements x 1 , x 2 ∈ S X with x 1 − x 2 ≥ and functionals
Moreover x 1 , x 2 ∈ S(x * , y * , δ) which shows that the space X is not UNC.
UNC can be also characterized in terms of local moduli of convexity and smoothness. Let x be a fixed element of the unit sphere of a space X. Given t ≥ 0, we set δ(x, t) = inf
Theorem 3. A Banach space X is UNC if and only if for every > 0 there exists a positive scalar t such that for every x ∈ S X we have δ(x, ) ≥ t or ρ(x, t) ≤ t.
Proof. Let us assume that there exists a constant > 0 such that for every t > 0 there is an element x ∈ S X with δ(x, ) < t and ρ(x, t) > t. The last inequality implies in particular that < 1. We shall show that the space X is not UNC. For this purpose we take an arbitrary δ ∈ (0, 1). Applying our assumption for t = δ/(6 − 4 − δ), we find elements x, y 1 , y 2 ∈ S X so that max{ x + y 1 , x − y 1 } < 1 + t and 1 + t < 1 2 ( x + ty 2 + x − ty 2 ).
There are functionals x * 1 , x * 2 ∈ S X * for which x * 1 (x + ty 2 ) = x + ty 2 , x * 2 (x − ty 2 ) = x − ty 2 . Clearly
Repeating this argument with x * 1 replaced by x * 2 , we finally see that
Let us in turn assume that a space X is not UNC. Then there exists a constant ∈ (0, 1) such that for every δ > 0 there are functionals x * , y * ∈ S X * with x * − y * ≥ and elements x, y ∈ S(x * , y * , δ) for which x − y > . Let us take an arbitrary t ∈ (0, 2 ). Applying our assumption for δ = t 2 /4, we obtain corresponding functionals x * , y * ∈ S X * and elements x, y ∈ S(x * , y * , δ). We put u = 1 x+y
Consequently ρ(u, t) > t /4.
EXAMPLES
Our next result allows us to construct simple examples of UNC spaces. Given Banach spaces X 0 , X 1 , by (X 0 ⊕X 1 ) ∞ we denote the the product X 0 ×X 1 with the norm given by the formula (x 0 , x 1 ) ∞ = max{ x 0 , x 1 }, where x 0 ∈ X 0 and x 1 ∈ X 1 . Similarly (X 0 ⊕ X 1 ) 1 stands for the product X 0 × X 1 with the norm (x 0 , x 1 ) 1 = x 0 + x 1 . Proposition 1. If Banach spaces X 0 , X 1 are uniformly convex and uniformly smooth, then the spaces (X 0 ⊕ X 1 ) ∞ and (X 0 ⊕ X 1 ) 1 are UNC.
Proof. Let X 0 and X 1 be uniformly convex and uniformly smooth Banach spaces. In view of Theorem 2 it suffices to show that the space
, where δ ∈ (0, 1). We have
Similarly one can show that if
Let us now take a positive number . By Remarks 1 and 2 there exists δ ∈ (0, 
It shows that diam S(f, g, δ 2 ) ≤ . Clearly the same conclusion can be obtained from the second inequality.
In particular the space (R ⊕ l 2 ) ∞ is UNC. This shows that UNC spaces need not have Kadec-Klee property. Consequently UNC does not imply nearly uniform convexity of Huff [7] . Passing to the dual space, we see that UNC does not imply nearly uniform smoothness (see [13] ).
Our next examples are obtained by equivalent renormings of the space l 2 . Given an element x ∈ l 2 , by x 2 and x ∞ we denote its standard norm in l 2 and c 0 respectively. Let X β be the space l 2 with the following equivalent norm (see [2] ):
where x ∈ l 2 , β > 1. Consider a sequence (e * n ) of coefficient functionals corresponding to the standard basis of X β . Then βe * n ∈ S X * β for every n. It is easy to see that if β > √ 2, then βe * m − βe * n = 2 and diam S(βe * m , βe * n , 0) = 2 min{1, β 2 − 2} whenever m = n. So in this case the sphere S X β has creases.
Proof. We take an arbitrary ∈ (0, β) and put γ = 2 /(2β 2 ). Given a positive scalar t < 1 + γ 2 − 1 and elements x, y ∈ S X β we consider two cases. Case I. x 2 ≥ 1 − γ. Clearly 1 = y ≤ β y 2 . The parallelogram law gives us therefore the inequality
Consequently max{ x + y , x − y } ≥ 1 + γ 2 > 1 + t which shows that δ(x, ) ≥ t. Case II. x 2 < 1 − γ. Since x = 1, we now have β x ∞ = 1. Let us set x = (x n ). Then β|x i | = 1 for some index i. Let us observe that t < 1 ≤ |x i |/|y i |. In consequence
Let us now consider an index j = i. Clearly
This shows that β x + ty ∞ + β x − ty ∞ < 2(1 + t).
We finally obtain the inequality 1 2 ( x + ty + x − ty ) < 1 + t which shows that ρ(x, t) ≤ t. Now the conclusion follows from Theorem 3.
By Theorem 2 the space dual to X √ 2 is also UNC. Let us notice that this space is not orthogonally convex (see [9] ).
Let us now consider Bynum's spaces l 2,1 and l 2,∞ (see [3] ). The first of them is the space l 2 endowed with an equivalent norm given by the formula
, where x ∈ l 2 , x + denotes the positive part of x and x − denotes the negative part of x. Geometry of the space l 2,1 was studied by Smith and Turett in [15] .
Similarly l 2,∞ is the space l 2 with the norm
The space l 2,∞ is dual to l 2,1 . In the sequel we shall identify a functional f ∈ l * 2,1 with the corresponding element of l 2 . Thus f (x) = x, f , where x, f denotes the scalar product of the vectors x, f ∈ l 2 .
Theorem 5. The space l 2,1 is UNC.
Proof. Let us assume that the space l 2,1 is not UNC. Using this assumption and an idea from [15] , we can find a constant > 0 such that if δ > 0 is sufficiently small, then there exist norm-one functionals f 1 , f 2 ∈ l * 2,1 with f 1 − f 2 ≥ and norm-one elements x, y ∈ S(f 1 , f 2 , δ) of the form
where w ∈ l 2,1 and a 1 , a 2 , b 1 , b 2 are nonnegative scalars, such that x − y 2,1 > , the supports of f + i and w + coincide and the same is true for f − i and w − , i = 1, 2. Here the supports are considered with respect to the standard basis of l 2 .
Let us observe that
Therefore
The last inequality yields
for i = 1, 2. In view of (1) it follows that c 1 w
i . This and (2) give us the estimate
We finally obtain
This leads to a contradiction for sufficiently small δ.
Theorems 2 and 5 show that the space l 2,∞ is UNC. Let us recall that the spaces X √ 2 and l 2,∞ do not have normal structure (see [2] and [3] ). The second one does not have even asymptotic normal structure. From results of Lin [11] it follows however that these spaces have the fixed point property.
FIXED POINT PROPERTY
Let C be a nonempty subset of a Banach space X. A mapping T : C → C is said to be nonexpansive whenever T x − T y ≤ x − y for all x, y ∈ C. We say that X has the fixed point property (FPP in short) if for each nonempty bounded closed convex set C ⊂ X and each nonexpansive mapping T : C → C there is an element x ∈ C such that T x = x, i. e. a fixed point of T .
Let us now briefly recall the construction of an ultrapower of a Banach space X. We take a free ultrafilter U on the set of natural numbers. The ultrapower X of the space X is defined to be the quotient space l ∞ (X)/N , where N = {(x n ) ∈ l ∞ (X) : lim n→U x n = 0}. Here lim n→U stands for the limit over the ultrafilter U. Let x = (x n ) be an element of l ∞ (X). By x we denote the equivalent class of x. We have the following formula
It is well-known that ultrapower X is finitely representable in X (see [1] ). Consequently X inherits all finite-dimensional geometric properties of X. In particular we obtain the following result.
Theorem 7.
A Banach space X is UNC if and only if X is UNC.
Let f = (x * n ) be a bounded sequence in X * . The formula
where x = (x n ) ∈ l ∞ (X), defines a bounded linear functional on X. Moreover
Let us now consider a nonexpansive mapping T : C → C, where C is a nonempty bounded closed convex subset of a space X. There is a sequence (x n ) in C such that lim n→∞ x n − T x n = 0 (see [1] ). Any sequence with this property is called an approximate fixed point sequence (afps in short). If X is reflexive and T does not have a fixed point, then C contains a minimal T -invariant subset K of positive diameter. By Goebel-Karlovitz lemma ( [5] and [10] ) if (x n ) is an afps in K, then lim
Maurey [12] proved the following result.
Theorem 8. Let K be a minimal set for a nonexpansive mapping T which does not have a fixed point. If u = (x n ), v = (y n ) are afps for T in K, then there exists an afps w = (z n ) in K such that
Now we can prove our main result.
Theorem 9. If a Banach space X is UNC, then X has FPP.
Proof. Let us assume that a UNC space X does not have FPP. So there is a nonexpansive mapping T which does not have a fixed point. Let K be a minimal set for T . We can assume that diam K = 1. Consider an afps (x n ) for T in K. One can assume that 0 ∈ K and the sequence (x n ) converges weakly to zero. For each n we find a functional x * n ∈ S X * such that x * n (x n ) = x n . A slight modification of the proof of Lemma 1.1 [14] gives us a subsequence (x n k ) with
In view of Goebel-Karlovitz lemma we can assume that lim k→∞ x n 2k−1 − x n 2k = 1.
Let us put x = (x n 2k−1 ), y = (x n 2k ), f = (x * n 2k−1
) and g = (x * n 2k
). Then x, y ∈ S X , f = f ( x) = 1, g = g( y) = 1, f ( y) = g( x) = 0 and x − y = 1. By Theorem 8 there is an element w ∈ K such that w = 1 and
It is easy to see that f ( w) = g( w) = 1/2. In view of Theorem 7 the space X is UNC. So it is noncreasy. Clearly f + g ≥ ( f + g)( x) = 1 and 2( x− w), 2( w − y) ∈ S( f , − g, 0). Therefore 2( x− w) = 2( w − y) which gives us the equality w = 1 2 ( x + y) .
For each k we now choose a functional z * k ∈ S X * such that z * k (x n 2k−1 +x n 2k ) = x n 2k−1 +x n 2k . There is a subsequence (x m k ) for which Let us put z = (x m k ) and h = (z * k ). Then h = 1, h( z) = f ( z) = 0 and x − z = 1. From (3) we see that h( x + y) = x + y = 2. It follows that h( x) = 1 and h( y) = 1. Therefore x, x − z ∈ S( f , h, 0) and h − f ≥ ( h − f )( y) = 1. Consequently x = x − z, so z = 0. But (x m k ) is an afps for T in K. Therefore by Goebel-Karlovitz lemma z = 1, which gives us a contradiction.
